We find an obstruction to the existence of non-singular solutions to the normalized Ricci flow on four-manifolds with b + = 1. By using this obstruction, we study the relationship between the existence or non-existence of non-singular solutions of the normalized Ricci flow and exotic smooth structures on the topological 4-manifolds CP 2 #ℓCP 2 , where 5 ≤ ℓ ≤ 8.
Introduction
Let X be a closed oriented Riemannian manifold of dimension n ≥ 3. The normalized Ricci flow on X is the following evolution equation:
where Ric g , s g are the Ricci curvature and the scalar curvature of the evolving Riemannian metric g and dµ g is the volume measure with respect to g. Recall that a one-parameter family of metrics {g(t)}, where t ∈ [0, T ) for some 0 < T ≤ ∞, is called a solution to the normalized Ricci flow if it satisfies the above equation at all x ∈ X and t ∈ [0, T ). A solution {g(t)} on a time interval [0, T ) is said to be maximal if it cannot be extended past time T . In this paper we are interested in solutions which are particularly nice. The following definition was first introduced and studied by Hamilton [11, 6] :
Definition 1 A maximal solution {g(t)}, t ∈ [0, T ), to the normalized Ricci flow on X is called non-singular if T = ∞ and the Riemannian curvature tensor
Rm g(t) of g(t) satisfies sup X×[0,∞) |Rm g(t) | < ∞.
Fang and his collaborators [9] pointed out that for a 4−manifold with negative Perelman invariant [25, 15] , which is equivalent to the Yamabe invariant in this situation [2] , the existence of non-singular solutions forces a topological constraint on the 4−manifold. On the other hand, the first author proved [13] that, in dimension four, the existence of the non-singular solutions is fundamentally related to the smooth structure considered. An important ingredient in his theorems was the non-triviality of the Seiberg-Witten invariant. In the case when the underlying manifold has b + ≥ 2, this is a diffeomorphism invariant.
However, when b + = 1 the invariant depends on a choice of an orientation on H 2 (X, Z) and H 1 (X, R). The obstructions in [13, 14] are for manifolds with b + ≥ 2. We extend these results to the case b + = 1, and we have the following:
Theorem A Let X be a closed oriented smooth 4-manifold with b + (X) = 1 and 2χ(X) + 3τ (X) > 0. Assume that X has a non-trivial Seiberg-Witten invariant. Then, there do not exist non-singular solutions to the normalized Ricci flow on
We prove this result in a slightly more general setting, see Theorem 6 in Section 4 below. Using Theorem A, we study manifolds with small topology and emphasize how the change of smooth structure reflects on the existence or non-existence of solutions of the normalized Ricci flow: 
g consists of cohomology classes for which the harmonic representative is g-self dual or g-anti-self-dual, respectively. Notice that b + (X) := dimH + g is a non-negative integer which is independent of the metric g. In this article, we always assume that b + (X) ≥ 1 and mainly consider the case when b
on which the intersection form is positively defined, we consider the set of all Riemannian metrics g for which H + g = H is satisfied. The Riemannian metric g satisfying this property is called a H-adapted metric. Under the assumption that there is at least one H-adapted metric, H is called a polarization of X and we call (X, H) a polarized 4-manifold following [21] . For any given element α ∈ H 2 (X, R) and a polarization H of X, we use α + to denote the orthogonal projection of α, with respect to the intersection form of X, on the polarization H.
For any polarized 4-manifold (X, H), we can define a differential topological invariant [34, 21] of (X, H), by using Seiberg-Witten monopole equations [34] . We briefly recall the definition, referring to [34, 21] for more details. Let s be a spin c structure of the polarized 4-manifold (X, H). Let c 1 (L s ) ∈ H 2 (X, R) be the first Chern class of the complex line bundle L s associated to s. Suppose that [23] that SW X (s, H) is independent of the choice of the polarization H if b + (X) ≥ 2, or b + (X) = 1 and 2χ(X) + 3τ (X) > 0. One of the crucial properties of the Seiberg-Witten invariants above is that the non-triviality of the value SW X (s, H) for a spin c structure s with c + 1 (L s ) = 0 forces the existence of a non-trivial solution of the Seiberg-Witten monopole equations for any H-adapted metric. Using this, LeBrun [19, 22] proved the following, see also [21] : Theorem 1 ( [19, 22] ) Let (X, H) be a polarized smooth compact oriented 4-manifold and let s be a spin c structure of X and let c + 1 = 0 be the orthogonal projection to H with respect to the intersection form of X. Assume that SW X (s, H) = 0. Then, every H-adapted metric g satisfies the following bounds: We will use these bounds in Section 4 below. On the other hand, let N be a closed oriented smooth 4-manifold with b + (N ) = 0 and k = b 2 (N ). By the celebrated result of Donaldson [8] , there are classes e 1 , e 2 , · · · , e k ∈ H 2 (N, Z) descending to a basis of H 2 (N, Z)/torsion with respect to which the intersection form is diagonal and e
. If β is characteristic, then β ≡ w 2 (N ) (mod 2) and moreover there is a spin c structure t on N such that c 1 (L t ) = β. Then modulo torsion, β can be written as
This tells us that β is characteristic if and only if the a i are odd integers, where i = 1, · · · , k. For example, we can obtain characteristic elements by taking as
The following result includes Lemma 1 of [21] as a special case. 
Proof. Notice that the Seiberg-Witten invariant of X is well-defined and independent of the choice of the polarization under the assumption that b + (X) ≥ 2 or b + (X) = 1 and 2χ(X) + 3τ (X) > 0. Suppose that c is the spin c structure on X with non-trivial Seiberg-Witten invariant. Let α := c 1 (L c ) ∈ H 2 (X, Z) be the first Chern class of the complex line bundle L c associated to c. Then, the non-triviality of Seiberg-Witten invariant forces the dimension d c of the Seiberg-Witten moduli space to be non-negative and we therefore have α 2 ≥ 2χ(X) + 3τ (X) > 0. Moreover, since for any given polarization of X, we have (α + ) 2 ≥ α 2 , and we obtain
Let e 1 , e 2 , · · · , e n ∈ H 2 (N, Z) be cohomology classes descending to a basis of H 2 (N, Z)/torsion with respect to which the intersection form is diagonal, where n = b 2 (N ). Let H be a polarization of the connected sum M := X#N . Choose
with respect to the polarization H. Then n i=1ê i is a characteristic class and there is a spin c structure t on N such that c 1 (
Consider the spin c structure s := c#t on the connected sum M := X#N. The first Chern class of the complex line bundle associated with s satisfies
where we are using the same notation, α, c 1 (L t ),ê i , to denote the induced cohomology classes in H 2 (M, Z). The gluing construction for the solutions of the Seiberg-Witten monopole equations on M := X#N, as in the proof of Theorem 3.1 in [30] (see also the proof of Proposition 2 in [17] 
On the other hand, we obtain the following bound on (c 
where we used (3). This bound and (2) The main result of this section is Proposition 5 below. We shall use it in the next section to find an obstruction to the existence of non-singular solutions of the normalized Ricci flow. We start by recalling the following result on the trace free part of the Ricci curvature of the long time solution of the normalized Ricci flow.
Lemma 3 ( [9, 13] ) Let X be a closed oriented Riemannian n-manifold and assume that there is a long time solution {g(t)}, t ∈ [0, ∞), to the normalized Ricci flow. Assume moreover that the solution satisfies |s g(t) | ≤ C and
where the constants C and c are independent of both x ∈ X and time t ∈ [0, ∞). Then, the trace-free part
• r g(t) of the Ricci curvature satisfies
In particular, as
On the other hand, there is a natural diffeomorphism invariant arising from a variational problem of the total scalar curvature of Riemannian metrics on any given closed oriented Riemannian manifold X of dimension n ≥ 3. As was conjectured by Yamabe [35] , and later proved by Trudinger, Aubin, and Schoen [4, 28, 33] , every conformal class on any smooth compact manifold contains a Riemannian metric of constant scalar curvature. To be more precise, for any conformal class [g] = {vg | v : X → R + }, we can consider an associated number Y [g] which is called the Yamabe constant of the conformal class [g] and is defined by
where dµ h is the volume form with respect to the metric h. It is known [4, 28, 33] that this number is realized as the constant scalar curvature of some metric in the conformal class [g]. Then, Kobayashi [16] and Schoen [29] independently introduced the following invariant of X:
where C is the set of all conformal classes on X. This is now known as the Yamabe invariant of X. We have the following bound:
Lemma 4 ([13]) Let X be a closed oriented Riemannian manifold of dimension n ≥ 3 and assume that the Yamabe invariant of X is negative, i.e., Y(X) < 0. If there is a solution {g(t)}, t ∈ [0, T ), to the normalized Ricci flow, then the solution satisfies the bound (4). More precisely, the following is satisfied:ŝ
We recall now the following definition:
Definition 2 ([13]) A maximal solution {g(t)}, t ∈ [0, T ), to the normalized Ricci flow on X is called quasi-non-singular if T = ∞ and the scalar curvature s g(t) of g(t) satisfies
Notice that any non-singular solution is quasi-non-singular. 
In particular,
holds when m → +∞.
Proof. First of all, notice that the connected sum M has non-trivial SeibergWitten invariant with respect to any polarization by Proposition 2. By Witten's vanishing theorem [34] , this implies that M cannot admit any metric of positive scalar curvature. On the other hand, it is known [20] that the Yamabe invariant of any closed n-manifold Z which cannot admit metrics of positive scalar curvature is given by
where R Z is the set of all Riemannian metrics on Z. Combining the first inequality in Theorem 1 and the inequality in Proposition 2 we get the following bound:
Note that this bound holds for any H-adapted metric on M , where H is any polarization of M. In particular, it holds for any metric g. Moreover, (7) and (8) implies
This bound and Lemma 4 tell us that any solution to the normalized Ricci flow on M satisfieŝ
But, this last inequality combined with Lemma 3 shows that any quasi-nonsingular solution to the normalized Ricci flow on the connected sum M must satisfy the desired bound (5).
Proof of Theorem A
We are now in position to prove Theorem A, which is a special case of the following result: 
In particular, there is no non-singular solutions to the normalized Ricci flow on M .
Moreover, if we assume that N is not an integral homology 4-sphere whose fundamental group has no non-trivial finite quotient, then there do not exist quasi-non-singular solutions to the normalized Ricci flow on M if
In particular, there are no non-singular solutions to the normalized Ricci flow on M .
Proof. Suppose that there would be a quasi-non-singular solution {g(t)} to the normalized Ricci flow on the connected sum M := X#N . Then the second inequality in Theorem 1 tells us that, for any time t, g(t) must satisfy
for any spin c structure s with SW M (s, H) = 0, where
. However, Proposition 2 now asserts that the connected sum M := X#N has a spin c structure with (c
2 ≥ 2χ(X) + 3τ (X). We therefore conclude that
Moreover, the equality holds if and only if the metric g(t) is a Kähler-Einstein metric with negative scalar curvature [22] .
On the other hand, we have the following Gauss-Bonnet like formula:
.
In particular, we obtain
Since Proposition 5 tells us that a quasi-non-singular solution {g(t)} must satisfy (6), by taking m −→ ∞ in the above inequality, we obtain
Moreover, by the inequality (12), we get
This bound and (13) tell us that the following holds:
Since we have 2χ(M ) + 3τ (M ) = 2χ(X) + 3τ (X) − b 2 (N ), we get
which is equivalent to
By contraposition, we conclude that under (10), there do not exist quasinon-singular solutions on M . In particular, there is no non-singular solutions to the normalized Ricci flow.
Suppose moreover that N is not an integral homology 4-sphere whose fundamental group has no non-trivial finite quotient. Then we observe the equality cannot occur in (12) . Notice that the equality case in (12) forces that g(t) must be a Kähler-Einstein metric with negative scalar curvature. In particular, this forces that the connected sum M := X#N is a minimal Kähler surface [3, 36] . On the other hand, Theorem 5.4 in [18] (b + (M ) ≥ 2 case) and Theorem 2 in [12] (b + (M ) = 1 case) tell us that if a minimal Kähler surface admits a connected sum decomposition X#N , then N must be an integral homology 4-sphere whose fundamental group has no non-trivial finite quotient. Therefore, we conclude that the equality cannot occur in (12) . Hence we have the following strict inequality which holds for g(t) on M :
This strict inequality and the strategy of the proof of bound (10) By this theorem, the complex surfaces CP 2 #ℓCP 2 , where 3 ≤ ℓ ≤ 8, admit Kähler-Einstein metrics with positive scalar curvature.
In more generality, the normalized Ricci flow on compact Kähler manifolds was studied by Cao [5, 6] . We are going to use the following result: Notice that, in case when c 1 (M ) = 0 or c 1 (M ) < 0, the solution is actually nonsingular [6] in the sense of Definition 1. On the other hand, the non-triviality of the Seiberg-Witten invariants in the case when c 1 (M ) < 0 tells us that the scalar curvature s g0 of the initial metric g 0 cannot have s g0 ≥ 0.
On Proof. If we want to construct a smooth structure on the manifold X which has positive Yamabe invariant and admits solutions for the normalized Ricci flow, then we can just consider the canonical differential and complex structures of the complex projective plane blown-up at l points, where 3 ≤ l ≤ 8. The existence of an Einstein metric metric is given by Theorem 7. Hence, on these Del Pezzo surfaces, there are non-singular solutions (fixed points) of the normalized Ricci flow by taking the Kähler-Einstein metrics with positive scalar curvature as initial metrics. Since the scalar curvature of their metrics is positive, we notice that according to Lemma 1.5 in [16] , the Yamabe invariant of these manifolds must be positive.
In the second case of the theorem, we are going to consider the smooth structures associated to the complex structures of general type found in Theorems 9, 10, 11. On these manifolds, Cao's Theorem 8 tells us that solutions to the normalized Ricci flow exist if we start with a Kähler metric whose Kähler form is in the cohomology class of the canonical line bundle. Moreover, for surfaces of general type the Yamabe invariant [20] is strictly negative.
For the third part of the proof, we are going to use the constructions in Section 3 of [27] . In the proof of Proposition 3.2 in [27] , it is showed that for any M := CP 2 #ℓCP 2 , 5 ≤ ℓ ≤ 8, there exist infinitely many manifolds of the form M i := X i #(ℓ − 3)CP 2 , i ∈ N, which are homeomorphic, non-diffeomorphic to M and to each other. Here, X i are the 4-manifolds homeomorphic to CP 2 #3CP 2 constructed in [1] and which have non-trivial Seiberg-Witten invariant. Then the manifolds M i have non-trivial Seiberg-Witten invariant, and as c 2 1 (M i ) = 9 − l > 0, the Yamabe invariant Y(M i ) is strictly negative [20] . The manifolds X i have c 
